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A quantum theory of 3D X-shaped optical bullets in Kerr media is presented. The existence
of progressive undistorted squeezed vacuum is predicted. Applications to quantum non-demolition
experiments, entanglement and interferometers for gravitational waves detection are envisaged.
The standard for a non-monochromatic quantum light
packet is a superposition of photons with different an-
gular frequencies and wave-vectors.[1] This approach has
been adopted for dispersive and nonlinear media, includ-
ing all the spatial dimensions (see e.g. [2, 3, 4, 5, 6]).
However, its application to particle-like three dimen-
sional objects, like self-trapped optical bullets,[7, 8] is
not trivial.
Conversely, 1D optical solitons propagating in a fiber
can be completely described at a quantum level. [9,
10, 11, 12, 13, 14, 15] This circumstance led to a se-
ries of extensively studied macroscopic quantum effects,
like quantum non-demolition and squeezing. [16, 17, 18,
19, 20] Fibers solitons are one-dimensional objects, with
transversal profile given by the waveguide mode, their
propagation invariant nature has favored long range in-
teractions, up to the recent investigation of entangled
pulses for quantum communications and computing. [21]
The extension of these results to multi-dimensional
self-trapped wave-packets is an interesting enterprise.
Classically, the 3D counterpart of solitons are the men-
tioned optical bullets, which propagate without diffrac-
tion and dispersion and are somehow generated in a non-
linear medium. [7, 8] Among the various proposal of
3D light bullets, due to different mechanisms and opti-
cally nonlinear processes in bulk media, the only exper-
imentally demonstrated are the so-called “nonlinear X-
waves”. [22, 23] The latter have a distinctive bi-conical
shape, which appears as an “X” in some section plane
containing the propagation direction. Notably X-waves
do not need the nonlinearity for being self-sustained,
while a self-action may favor their spontaneous forma-
tion. In essence, 3D solitary waves destroy themselves
after exiting the nonlinear medium, conversely an X-
wave may propagate undistorted even in vacuum (it also
named “progressive undistorted wave”, for a review see,
e.g., [24]). It is an ideal candidate for (quantum) infor-
mation channels in air, previously investigated by Lu and
He at a classical level.[25]
Having in mind these properties, it is naturally argued
which is (if any) the quantum counterpart of nonlinear-X-
waves. Is it possible to provide a fully quantized version
at any photon number, as in the case of optical solitons?
This is the subject of this Letter. I will report a quantum
theory of nonlinear X-waves and some of its corollaries; in
particular the possibility of generating a very exotic (but
at the same time intriguing for many applications) state
of light: the progressive undistorted squeezed vacuum.
Quantum nonlinear X-waves turn out to have the same
properties of quantum fiber solitons: they can propagate
with a well defined photon number, thus enabling sequen-
tial measurements on the same quantum state;[18] all the
applications of quantum fiber solitons may be translated
in the quantum X-waves world, with the non trivial ben-
efits of a 3D space.
The basic idea underlying this work is using 3D wave
packets parametrized by their velocity, instead of angular
frequency, for a quantization procedure. Since it is inter-
esting to be as much as possible near to realm of experi-
ments, the starting point is the equation for the motion
of an optical pulse, with complex amplitude A, traveling
with diffraction in a normally dispersive medium. It can
be equivalently cast as an evolution problem with respect
to the direction of propagation z, or to time t,[2] which I
adopt here to be consistent with standard quantum me-
chanics:
i
∂A
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∂A
∂z
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ω′′
2
∂A
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2k
∇2xyA =
δHI
δA∗
. (1)
ω′ and ω′′ are the first order and the modulus of the
second order dispersion terms (ω′′ > 0); k = n(ω0)ω0/c
and ω0 are the wave-number and the carrier angular fre-
quency, respectively, and n = n(ω0) is the refractive in-
dex. HI is a classical interaction Hamiltonian taking into
account nonlinear effects.
In the linear case (HI = 0) the general radially sym-
metric (r2 ≡ x2 + y2, in the following) solution can be
expressed as a superposition, parametrized by the veloc-
ity v, of a special class of undistorted progressive waves,
the radially symmetric X-waves, given by three dimen-
sional complex profile:[26]
ψ(p)q (z, r) =
∫ ∞
0
fq(α)J0(
√
ω′′k0
ω′
αr)ei(α−
p
h¯
)zdα, (2)
with fq =
√
k/π2ω′(p+ 1)(α∆)L
(1)
p (2α∆) exp(−α∆)
(related details are also given in [27]), ∆ is parameter
measuring the transversal spatial extent of the beam, L
(1)
q
the generalized Laguerre polynomials (q = 0, 1, ...), and
having introduced, for later convenience, the momentum
2FIG. 1: (Color online) The squeezed nonlinear X-wave device.
p = mv of the X-wave, (−∞ < p < ∞) with m = h¯/ω′′
(p/h¯ = v/ω′′).
The resulting analytic signal for the electric field E is
E =
√
2
ǫ0n2m
∑
q
∫
Cq(p)×
exp[−iωq(p)t+ ik0z]ψ
(p)
q [z − (ω′ +
p
m
)t, r]dp
(3)
with ωq(p) = ω0+p
2/2h¯m. The electromagnetic classical
energy is
E =
∫ ∫ ∫
|A|2dxdydz =
∑
q
∫
|Cq|
2dp. (4)
Using this formulation a non-monochromatic pulsed
beam is written as an integral sum of wave-packets with
different velocities, or momentum p, and the diffrac-
tion/dispersion process is reduced to a one-dimensional
evolution.
Eq. (3) is a superposition of harmonic oscillators,
with angular frequencies ωq(p), each weighting a trav-
eling mode (i.e. corresponding to the usual cavity mode,
with the difference here that it is rigidly moving). It can
be standardly quantized, and the resulting positive fre-
quency field operator is (in the Heisenberg picture for the
Dirac operators ap)
E =
∑
p
∫ √
2h¯ωq(p)
ǫ0n2m
aq(p, t)e
ik0zψ(p)q [z−(ω
′+
p
m
)t, r]dp
(5)
where the energy of each elementary excitation is given
by h¯ωq(p) = h¯ω0 + p
2/2m, and the Hamiltonian H0 =∑
q
∫
h¯ωq(p)a
†
q(p)aq(p)dp (the zero-point energy has been
renormalized, as usual in quantum field theory [28]).
This suggestive way of quantizing the propagating op-
tical field, is equivalent to the standard plane wave ex-
pansion. It is in essence a change of basis, which enables
to represent the 3D evolution as a 1D quantum gas of
particles with momentum p, and mass m.
In the presence of a nonlinear coupling between the
quasi-particles, due to the Kerr effect, the contribution
to the classical energy is
HI =
χ
2
∫ ∫ ∫
|A|4dxdydz, (6)
with χ < 0 in a focusing medium. The corresponding
interaction Hamiltonian is, after some manipulations and
with obvious notation,
HI =
1
2
∑
lmno
∫ √
ωo(p4)ωn(p3)ωm(p2)ωl(p1)×
χlmno(p4 + p3 − p2 − p1)a
†
l (p4)a
†
m(p3)an(p2)ao(p1)d
4
p.
(7)
The interaction kernel, the “vertex,” χlmno(ν) turns out
to be the Fourier transform of the spatial transversal su-
perposition of the component X-waves profiles:
κlmno(z) =
χh¯2
m2
∫ ∫
(ψ
(0)
l )
∗(ψ(0)m )
∗ψ(0)n ψ
(0)
o dxdy. (8)
As an application, consider the “device” shown in fig-
ure 1: an X-wave, generated by the axicon, travels in a
Kerr medium. The axicon must be intended in a gener-
alized sense, i.e. either a linear device, as those typically
employed in linear experiments,[29, 30] or a nonlinear
process that furnishes the required spatio-temporal re-
shaping of the laser pulsed beam into an X-wave.[22, 23]
By this approach, only a p−superposition of a single basis
element, denoted by index q, must be taken into account
and (7) becomes [with am(v) = δqma(v) and omitting
hereafter the index q (e.g. χlmno → χ)]
HI =
1
2
∫ √
ω(p4)ω(p3)ω(p2)ω(p1)×
χ(p4 + p3 − p2 − p1)a
†(p4)a
†(p3)a(p2)a(p1)d
4
p.
(9)
The analysis is further simplified in the low-momentum
approximation, typically adopted in the physics of weakly
interacting bosons.[31] This corresponds to assume that
the velocities are all in proximity of the linear group
velocity, such that (pj ∼= 0)
√
ω(p4)ω(p3)ω(p2)ω(p1) ∼=
ω20 . Introducing the particle operator φ(z) =
(1/2πh¯)
∫
a(p) exp(ipz/h¯)dp, the interaction Hamilto-
nian is given by
HI =
1
2
∫
σ(z)φ†(z)φ†(z)φ(z)φ(z)dz, (10)
with
σ(z) = (2πh¯)3
χω20h¯
2
m2
∫ ∫
|ψ(0)|4dxdy. (11)
By expressing a in terms of φ in (5),the previous results
can be reformulated as follows. The whole 3D evolution
of the electric field is given, in the Heisenberg picture for
the particle operators φ and φ†, [32] by
E =
√
2h¯ω0
ǫ0n2m
eik0z−iω0t
∫
ξ(s, z, t, r)φ(s, t)ds (12)
with
ξ(s, z, t, r) =
∫ √
ω(p)
ω0
ψ(p)[z − (ω′ +
p
m
)t, r]e−ipsdp.
(13)
3The Heisenberg evolution equation for φ is the general-
ized nonlinear quantum Schro¨dinger equation:
ih¯
∂φ
∂t
(t, z) = −
h¯2
2m
∂2φ
∂z2
(t, z) + σ(z)φ†(t, z)φ(t, z)φ(t, z).
(14)
Eq. (12) shows that the whole evolution is the compo-
sition of the deterministic propagation of theX−wave ψ,
embedded in the ξ kernel, and of the quantum one obey-
ing (14). Taking for ψ the fundamental X-wave (q = 0),
σ(z) is a bell shaped function. It is possible to show that,
if the classical dispersion length is much smaller that the
diffraction length, it can be treated as a constant σ and
the model reduces to the integrable quantum nonlinear
Schro¨dinger equation. [9] Hence the whole 3D quantum
dynamics is reduced to an exactly solvable model. Con-
versely when the diffraction length is smaller than the
dispersion length, the dispersion is negligible, and the
model is still integrable, representing self-phase modula-
tion.
Summarizing, the 3D nonlinear quantum propagation
of X-waves can be treated in terms of a well known ap-
proach. All the experiments concerning quantum soli-
tons, involving quantum non-demolition, squeezing and
entanglement can be re-stated in terms of undistorted
progressive 3D wave-packets. Quantum non-demolition
experiments by collision of X-waves with different veloci-
ties, generated by different axicons, can be envisaged and
analyzed with the same techniques previously developed,
which will not be reported here (for a review see [18] and
references therein).
In figure 2, an idealized interferometer for the gener-
ation of squeezed nonlinear X-waves is sketched. More
elaborated setups may be readily drawn from previously
developed fiber solitons schemes.[20] From a single bell
shaped 3D wave-packet in air, two identical X-waves are
generated, propagate in a Kerr medium, and then inter-
fere at a symmetric beam splitter. At one output port
a squeezed X-wave is obtained; the degree of squeezing
can be monitored by balanced photo-detection. [33] With
the modifications used for fiber solitons,[21] entangled 3D
(progressive undistorted) pulsed beams can be generated.
The electromagnetic field attained at the other out-
put port is peculiar. It is the so-called squeezed vacuum,
[34] which can be interpreted as the nonlinearly induced
quantum noise, “dissected” from the pump beam,[18]
with no average electric field but with spatio-temporal
correlation. Furthermore it has the additional, remark-
able, property of having the propagation characteristics
of a progressive invariant 3D wave. Hence its spectral
properties are X-shaped, and can be distinguished in-
side standard vacuum fluctuations. This property makes
such a state appealing for applications in interferometry,
where the squeezed vacuum can be used for enhancing
the performances, [35] as in the framework of the LIGO
(or even MIGO [36]) projects for the detection of gravi-
FIG. 2: (Color online) X-wave nonlinear Mach-Zehnder inter-
ferometer for the generation of the squeezed vacuum.
tational waves, [37, 38] or for geophysical studies. [39] To
achieve sensitivity below the so-called quantum limits, it
has been proposed to use squeezed vacuum as input in
one of the arms of the interferometer used to detect grav-
itational waves. The effective absence of diffraction for
progressive undistorted waves may provide the elements
for a reduction of the very high power levels needed to
reduce shot noise. Furthermore the X-shaped squeezed
vacuum is expected to be very robust with respect to
the contamination of the standard vacuum fluctuation,
a significant problem in the future generations of LIGO.
In some sense, the spatio-temporal modulation, charac-
terizing the progressive invariant waves, may be used to
encode useful signals and discern them from noise.
In conclusion, the quantum propagation of nonlinear
X-waves has been investigated. All the quantum effects,
which have been previously considered for fiber quan-
tum solitons, do have a counterpart in the 3D realm of
progressive undistorted packets. Thus, a variety of new
experiments may be conceived, with applications ranging
from quantum information to gravitational waves detec-
tion.
I thank G. Assanto, A. Ciattoni, B. Crosignani, E.
Recami and S. Trillo for the inestimable discussions.
∗ Electronic address: c.conti@ele.uniroma3.it
[1] R. Loudon, Quantum theory of light (Clarendon Press,
Oxford, UK, 1983), 3rd ed.
[2] T. A. B. Kennedy and E. M. Wright, Phys. Rev. A 38,
212 (1988).
[3] I. H. Deutsch and J. C. Garrison, Phys. Rev. A 43, 2498
(1991).
[4] B. Huttner and S. M. Barnett, Phys. Rev. A 46, 4306
(1992).
[5] H. T. Dung, L. Knoll, and W. D. G., Phys. Rev. A 57,
3931 (1998).
4[6] P. D. Drummond and M. Hillery, Phys. Rev. A 59, 691
(1999).
[7] S. Trillo and W. Torruellas, eds., Spatial Solitons
(Springer-Verlag, Berlin, 2001).
[8] Y. S. Kivhsar and G. P. Agrawal, Optical solitons (Aca-
demic Press, New York, 2003).
[9] D. J. Kaup, J. Math. Phys. 16, 2036 (1975).
[10] S. J. Carter, P. D. Drummond, M. D. Reid, and R. M.
Shelby, Phys. Rev. Lett. 58, 1841 (1987).
[11] Y. Lai and H. A. Haus, Phys. Rev. A 40, 844 (1989),
ibid. 40, 854 (1989).
[12] H. A. Haus and Y. Lai, J. Opt. Soc. Am. B 7, 386 (1990).
[13] E. M. Wright, Phys. Rev. A 43, 3837 (1991).
[14] D. Yao, Phys. Rev. A 52, 4871 (1995).
[15] B. Crosignani, P. D. Porto, and A. Treppiedi, Quantum
Semiclass. Opt. 7, 73 (1995).
[16] M. Rosenbluh and R. M. Shelby, Phys. Rev. Lett. 66,
153 (1991).
[17] S. R. Friberg, S. Machida, and Y. Yamamoto, Phys. Rev.
Lett. 69, 3165 (1992).
[18] P. D. Drummond, R. M. Shelby, S. R. Friberg, and Y. Ya-
mamoto, Nature 365, 307 (1993).
[19] S. Schmitt, J. Ficker, M. Wolff, F. Ko¨nig, A. Sizmann,
and G. Leuchs, Phys. Rev. Lett. 81, 2446 (1998).
[20] C. X. Yu, H. A. Haus, and E. P. Ippen, Opt. Lett. 26,
669 (2001).
[21] C. Silberhorn, P. K. Lam, O. Weiß, F. Ko¨nig, N. Ko-
rolkova, and G. Leuchs, Phys. Rev. Lett. 86, 4267
(2001).
[22] P. Di Trapani, G. Valiulis, A. Piskarskas, O. Jedrkiewicz,
J. Trull, C. Conti, and S. Trillo, Phys. Rev. Lett. 91,
093904 (2003).
[23] C. Conti, S. Trillo, G. Valiulis, A. Piskarskas, O. Je-
drkiewicz, J. Trull, and P. Di Trapani, Phys. Rev. Lett.
90, 170406 (2003), arXiv:physics/0204066.
[24] E. Recami, M. Zamboni-Rached, K. Z. Nobrega, C. A.
Dartora, and H. E. Hernandez, IEEE Journ. Select. Top.
Quantum Electron. 9, 59 (2003).
[25] J. Y. Lu and S. P. He, Opt. Commun. 161, 187 (1999).
[26] C. Conti and S. Trillo, Phys. Rev. Lett. 92, 120404
(2004), arXiv:physics/0308051.
[27] C. Conti, arXiv:quant-ph/0309069 (2003).
[28] C. Itzykson and J.-B. Zuber, Quantum Field Theory
(McGraw-Hill, New York, 1985).
[29] P. Saari and K. Reivelt, Phys. Rev. Lett. 79, 4135
(1997).
[30] R. Grunwald, V. Kebbel, U. Griebner, U. Neumann,
A. Kummrow, M. Rini, E. T. J. Nibbering, M. Piche´,
G. Rousseau, and M. Fortin, Phys. Rev. A 67, 063820
(2003).
[31] L. D. Landau and E. M. Lifsits, Fisica Statistica. Teoria
dello stato condensato (Editori Riuniti, Edizioni MIR,
1981).
[32] The carrier frequency exp(−iω0t) has been factorized out
from φ.
[33] M. Shirasaki and H. A. Haus, J. Opt. Soc. Am. B 7, 30
(1990).
[34] K. Bergman and H. A. Haus, Opt. Lett. 16, 663 (1991).
[35] C. M. Caves, Phys. Rev. D 23, 1693 (1981).
[36] R. Y. Chiao and S. A. D., arXiv:gr-qc/0312096 (2003).
[37] H. J. Kimble, Y. Levin, A. B. Matsko, K. S. Thorne, and
S. P. Vyatchanin, Phys. Rev. D 65, 022002 (2001).
[38] A. Buonanno and Y. Chen, Phys. Rev. D 69, 102004
(2004).
[39] L. Grishchuk, V. Kulagin, V. Rudenko, and A. Serdobol-
ski, arXiv:gr-qc/0408091 (2004).
